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As kindly pointed out to me by C. Ward Henson and Slawomir Solecki, the
proof of one of the main technical results (Theorem 3.2) in the paper [3] is
flawed. To quote from Prof. Henson’s message: “Suppose a,b are elements of

- Tm4n
and let w be any word in F. Since the metric d is bi-invariant, the conjugate

that have the minimum distance § from each other in the p’ metric,

v = wab~'w~! of ab~! has d-distance § from the identity. But it seems clear
that the reduced length of v could be made arbitrarily large by choosing w
correctly. This contradicts what you claim in (8).”

Fortunately, the result is not particularly deep, and here is a corrected proof
of the statement.

As in [3], we say that a metric space X is indexed by a set I if there is a
surjection fx: I — X. We will call the pair (X, fx) an indexed metric space.
Two metric spaces, X and Y, indexed with the same set I are s-isometric if
for every i,j € I the distances dx(fx(2), fx (7)) and dy (fy (i), fy (j)) differ by
at most .

Here is the result in question.

THEOREM 3.2: Let ¢q,..., 9 be a finite family of isometries of a metric space
X. Then for every € > 0 and every finite collection x1,...,z, of elements of
X there exist a finite metric space X , elements 1, ..., %, of X, and isometries
1,...,9m of X such that the indexed metric spaces

{gj-®:i=1,2,....,n,5=1,2,...,m}
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and
{gj‘i¢:i=1,2,...,n,j=1,2,...,m}

are g-isometric.

Proof: Without loss in generality, we can assume that X is separable (in fact,
even countable). Such an X can be g-embedded into the Urysohn space U (see
[4], or else Prop. 4.1 in [3]), and therefore we can further assume that X = U.
Choose any element £ € U and isometries gm+1,9m+2;--->gm+n of U with
the property gm+i(§) =z, 1=1,2,...,n.
Denote by F,,+, the free non-abelian group on generators

915 9m> Gm+15 - - s Gmtn-

The group Fi,, acts on U by isometries.
The formula

d(g,h) :=du(g(£),h(&)), g,h € Frnin,

where dy denotes the metric on the Uryschn space, defines a left-invariant pseu-
dometric d on the group Fi,4n:

The indexed metric subspace {g; - z;: i = 1,2,...,n,7 = 1,2,...,m} of U is
isometric to the metric subspace {g; - gm+:: ¢ = 1,2,...,n,7 = 1,2,...,m} of
(Frm+n,d). Indeed,

du(g; - zi, gk - T1) = du(g; * gm+i(€), gk - Im+1(8))
= d(gj9m+j» JkGm+i)-

Notice also that the latter subspace is contained in the set F,(,?j_n of all words

having reduced length < 2. (The reduced length will always mean that with
regard to the generators gi,...,9m, gm+1,---»Im+n-)

By adding to d a left-invariant metric on F,,, taking sufficiently small values
on pairs of elements of F,(na),n, we can assume without loss in generality that d
is a left-invariant metric on Fp,4,. (For instance, add a metric whose only
non-zero value is €/3.)
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Form the Cayley graph I" of F,,,, with regard to the set of generators ¥ =
F,(n 4n- Vertices of I" are elements of Fy,,n, and 2,y € Fi,, are adjacent if and
only if z7y € F,, (4) . This graph is connected. Now make I' into a weighted
graph by assigning to an edge (a,b),a " 'b € F,(,fl_n the value d(a,b) = d(a~1b,e).

Denote by p the path metric of the weighted graph I". Its value for z,y € Fiqp

is given by

(1) p(z,y) = inf Z d(a;, aiy1),

where the infimum is taken over all natural N and all finite sequences z =
ag,ai,...,aN-1,aN = Y, with the property (I;lai+1 € Fm}_n for all ¢.

It is easily seen that p is a left-invariant metric on the group Fi4n-

Generally, p > d, but restrictions of p and d to F(2) coincide

If one denotes by 6 > 0 the minimal value of d(a,b) as a,b € F n and a # b,
then p(x,y) > dd,(z,y), where d,, denotes the word metric with respect to the
set of generators Y = Fi +n In particular, if an « € F,, 4, has reduced length
I = l(z), then d,(x) > I/4 and accordingly p(z,e) > 6l/4. (As a consequence,
the infimum in Eq. (1) is always achieved.)

Let A denote the maximal value of the metric p between pairs of elements of
F,(,ﬂn Choose a natural number N so large that (N —4)/4 > A; for instance,
set N =4|A/8] +4.

Every free group is residually finite, that is, admits a separating family of
homomorphisms into finite groups. (Cf. e.g. [1], Ch. 7, exercise 5.) Using this
fact, choose a normal subgroup H<F,,, of finite index so that H ﬂFm +n = {e}.

The formula

(2) ﬁ(ﬁH, yH) = ha, ll’lf p(il?hl,th)
= 1nf p(hlx hay)
hi,ho€
= jnf p(hw,y)

defines a left-invariant pseudometric on the finite factor-group F,,,+,/H. The
triangle inequality follows from the fact that, for all A’ € H,

p(zH,yH) = inf p(ha,y)
. 7 !
< hlél;;[p(hl‘, k'z) + p(h'z,y)]
B i !
= };12;1 plhz,h'2) + p(h'z,y)
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_ 1—1 !
= nf p(h"""hz,2) + p(h'z,y)
= p(zH,zH) + p(k'z,y),

and the infimum of the r.h.s. taken over all b’ € H equals p(xH,zH)+p(zH,yH).
Left-invariance of 7 is obvious.

Let z,y € F,(,fin Closely approximate the infimum in Eq. (2) by some value
p(zhl,yhg) with hq, he € H; then

p(xhl’th) = p(y—lxhlx—ly * y—lmv h‘?) = p(y‘lxvhﬁ)»

where hy = y~lzh 'z yhs € H.

The value p(y 'z, h3), hs € H, cannot get smaller than d(y~'z,e) = d(z,y).
Indeed, unless hs = e (in which case p(y 'z, h3) = p(z,y) = d(z,y)), one has
I(h3) > N and so the word distance from y~'z to hg is at least N — 4, and
ply~'z,h) > 6(N - 4)/4> A > d(z,y).

We conclude: the restriction of the factor-homomorphism

i Fm+n 3z aH € Fm+n/H

to F,(na)_n is an isometry.
One can now perturb the pseudometric on F,,/H by adding to it a left-
invariant metric taking very small values (e.g. taking the only non-zero value
€/3) so as to replace p with a left-invariant metric, p.
Take now X = (Foyn/H, p), #; = w(gm+:) € X,1=1,2,...,n, and let §; be
left translates made by the elements 7(g;), j = 1,2,...,m, in the finite group
Fi+n/H. The indexed metric space

{9j gm+iri=1,2,...,n,7=1,2,...,m}
of (F4n,d) is e-isometric to the metric subspace
{ﬂ-(gj) : W(gm‘{-’i): = 1a2) .. 'an>j = 172) “e 7m}
of (Fin+n/H, p). Consequently, the conclusion of the Theorem is verified. |
Remark: Prof. Henson has also pointed out to me that in the particular case of

path metric spaces associated to a graph the above result (Theorem 3.2) follows
from earlier results by Hrushovski [2].
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